Abstract. This article is concerned with measure equivalence and uniform measure equivalence of locally compact, second countable groups. We show that two unimodular, locally compact, second countable groups are measure equivalent if and only if they admit free, ergodic, probability measure preserving actions whose cross section equivalence relations are stably orbit equivalent. Using this we prove that in the presence of amenability any two such groups are measure equivalent and that both amenability and property (T) are preserved under measure equivalence, extending results of Connes-Feldman-Weiss and Furman. Furthermore, we introduce a notion of uniform measure equivalence for unimodular, locally compact, second countable groups, and prove that under the additional assumption of amenability this notion coincides with coarse equivalence, generalizing results of Shalom and Sauer. Throughout the article we rigorously treat measure theoretic issues arising in the setting of non-discrete groups.
Introduction
Measure equivalence for countable discrete groups was originally introduced by Gromov [Gro93] as a measurable analogue of quasi-isometry and has since then proven to be an important tool in geometric group theory with connections to ergodic theory and operator algebras. Notably, measure equivalence was used by Furman in [Fur99a, Fur99b] to prove strong rigidity results for lattices in higher rank simple Lie groups, and continuing this line of investigation, Bader, Furman and Sauer [BFS13] introduced measure equivalence in the setting of unimodular 1 , locally compact, second countable groups. The first aim of the present paper is to establish a rigorous understanding of this notion of measure equivalence and its relationship to other established notions of equivalence between locally compact, second countable groups, such as orbit equivalence of probability measure preserving actions and stable orbit equivalence of cross section equivalence relations associated with such actions. We obtain proofs of results that might be considered folklore by parts of the community, but the present treatment has the virtue of being largely self-contained and furthermore offers a careful treatment of the subtle measure theoretic issues arising from the fact that the saturation of a null set (respectively, Borel set) with respect to a non-discrete locally compact group is not necessarily null (respectively, Borel). It is precisely these measurability issues that form the gap between folklore results and the rigorous treatment given in the present work. Our first main theorem establishes an equivalence between the notions of measure equivalence and (stable) orbit equivalence, generalizing results of Furman [Fur99b] , Carderi and Le Maître [CLM16] to the unimodular locally compact case: for discrete groups the equivalence of (i) and (ii) below is due to [CLM16, Proposition 1.22]; and the equivalence of (i) and (iii) for discrete groups is due to [Fur99b, Theorem 3.3] .
Theorem A (Theorem 3.8). For unimodular, locally compact, second countable groups G and H the following are equivalent.
(i) G and H are measure equivalent.
(ii) G × S 1 and H × S 1 admit orbit equivalent, essentially free, ergodic, probability measure preserving actions on standard Borel probability spaces. (iii) G and H admit essentially free, ergodic, probability measure preserving actions on standard Borel probability spaces whose cross section equivalence relations are stably orbit equivalent.
Here, and in what follows, S 1 denotes the circle group and we refer to Sections 2 and 3 for definitions of the various notions appearing in the statement and for remarks on item (ii). We remark that in case both G and H are non-discrete, the amplification by S 1 in statement (ii) is not necessary; see Theorem 3.8 for a precise statement. A particular instance of the rigorous treatment provided by this work is Theorem 2.8, worth mentioning in its own right, which shows that one can always pass from a measure equivalence coupling to a strict measure equivalence coupling; i.e. one where all maps involved are Borel isomorphisms and genuinely equivariant.
An important property of measure equivalence for discrete groups is the fact that all countably infinite, amenable discrete groups are pairwise measure equivalent, which follows from the work by Ornstein and Weiss in [OW80] as proven by Furman in [Fur99a] . This means that measure equivalence can be considered as an equivalence relation that focuses on analytic rather than algebraic aspects of a group. As a consequence of Theorem A we deduce a similar result in the non-discrete setting.
Theorem B (Theorems 4.2 and 4.1). All non-compact, amenable, unimodular, locally compact, second countable groups are pairwise measure equivalent. Conversely, if G and H are measure equivalent, unimodular, locally compact, second countable groups and one of them is amenable then so is the other.
Further, we clarify the role of measure equivalence in connection with property (T) by extending [Fur99a, Corollary 1.4 ] to the locally compact case, again carefully treating measure theoretic issues, by passing to the aforementioned strict coupling provided by Theorem 2.8.
Theorem C. If G and H are measure equivalent, unimodular, locally compact, second countable groups and one has property (T) then so does the other.
Uniform measure equivalence for finitely generated, countable discrete groups was introduced by Shalom in [Sha00] , combining the notions of measure equivalence and quasi-isometry, with the purpose of capturing the special situation of two cocompact, finitely generated lattices in a common Lie group. With the notion of measure equivalence extended to the class of unimodular, locally compact, second countable groups, it is natural to also extend uniform measure equivalence to this setting, in such a way that if two such groups are closed, cocompact subgroups of the same locally compact, second countable group then they are uniformly measure equivalent. We introduce such a notion in Definition 6.5, show that the situation just described indeed gives rise to uniformly measure equivalent groups in Proposition 6.11 and prove that our definition reduces to the existing one in the case of finitely generated, discrete groups. For finitely generated, discrete, amenable groups it was shown by Shalom [Sha04] and Sauer [Sau02] that uniform measure equivalence coincides with quasi-isometry (equivalently coarse equivalence; cf. [CdlH16b, Corollary 4 .7]) and we show that this result also carries over to the locally compact setting by means of the following theorem.
Theorem D (Theorem 6.15). Two amenable, unimodular, locally compact, second countable groups are uniformly measure equivalent if and only if they are coarsely equivalent.
In addition to the introduction, this article has five sections. In Section 2 we introduce measure equivalence after Bader-Furman-Sauer [BFS13] , paying particular attention to measure theoretic aspects, and in Section 3 we prove Theorem A. In Section 4 we use Theorem A in order to show how amenability behaves with respect to measure equivalence as stated in Theorem B, likewise in Section 5 we show that property (T) is invariant under measure equivalence of (unimodular) locally compact second countable groups. In the final Section 6, we provide a definition of uniform measure equivalence, prove Theorem D and check several statements that are expected to hold true for a good notion of uniform measure equivalence.
Notation for locally compact groups. All locally compact groups are assumed to be Hausdorff and we will abbreviate 'locally compact second countable' by 'lcsc'. Moreover, all group actions on spaces will be left actions.
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Measure equivalence couplings
In this section we fix our measure theoretical notation and recall relevant facts about measure equivalence couplings between unimodular lcsc groups. Furthermore, we prove that any measure equivalence coupling can be replaced by a strict coupling. In order to be able to treat the measure theoretical aspects at a sufficiently rigid level, we begin by defining our notion of measurable spaces and group actions on such.
Definition 2.1. By a measurable space we mean a set X endowed with a σ-algebra B whose elements are called the measurable subsets of X. If X is furthermore endowed with a measure µ : B → [0, ∞], the triple (X, B, µ) is referred to as a measure space, and when the σ-algebra is clear from the context we will often suppress it notationally and simply write (X, µ). We will use the standard measure theoretic lingo and refer to a subset N ⊂ X as a null set if N is contained in a measurable subset of measure zero. Similarly, the complement of a null set will be referred to as being conull and any non-null subset is referred to as non-negligible. If µ and ν are two measures on B with the same null sets we write µ ∼ ν and refer to the two measures as being equivalent, and we furthermore denote by [µ] the measure class of µ; i.e. the set of all measures equivalent to it. An isomorphism of measurable spaces (X, B) and (Y, C ) is a bijective measurable map f : X → Y whose inverse is also measurable. If (X, B) and (Y, C ) are moreover endowed with measure classes . An isomorphism of measure spaces (X, B, µ) and (Y, C , ν) is a measurable map f : X → Y for which there exist conull, measurable subsets X 0 ⊂ X and Y 0 ⊂ Y such that f restricts to an isomorphism of measurable spaces f 0 : X 0 → Y 0 and f * (µ) = ν. Lastly, for a topological space X the σ-algebra generated by the open sets is referred to as the Borel σ-algebra and its sets are called Borel sets.
Remark 2.2. The definition of a non-singular isomorphism between spaces (X, [µ] ) and (Y, [ν] ) is required to be compatible at all levels with the measurable structures of X and Y . This is no restriction of generality when compared with other possible notions. Indeed, let X 0 ⊂ X and Y 0 ⊂ Y be two not necessarily measurable conull subsets and let f : X 0 → Y 0 a measurable isomorphism for the restricted σ-algebras that satisfies f * [μ| X 0 ] = [ν| Y 0 ] whereμ andν denote the completed measures. Since X 0 ⊂ X is conull, there is a measurable conull subset X 00 ⊂ X 0 . Then also Y 00 := f (X 00 ) is conull in Y 0 -and hence in Y -so there is a measurable subset Y 000 ⊂ Y 00 which is conull in Y . We set X 000 := f −1 (Y 000 ), which is measurable with respect to the relative σ-algebra of X 00 . Since X 00 is measurable in X, it follows that X 000 is measurable as a subset of X, and it is conull by construction. We can therefore restrict f to a measurable isomorphism X 000 → Y 000 and extend this to a measurable map from X to Y , which is an isomorphism of non-singular spaces in the sense of Definition 2.1. For technical reasons, this definition is preferable to superficially more general ones. A similar reasoning applies to isomorphisms between measure spaces. Definition 2.3. Let (X, B) be a measurable space and G be an lcsc group. Then X is said to be a measurable G-space if its endowed with an action of G for which the action map G × X → X is measurable; here G is equipped with the Borel σ-algebra and G × X with the product σ-algebra. Moreover, if the measurable G-space X is endowed with a measure µ and the G-action is non-singular, i.e. [g * µ] = [µ] for all g ∈ G, then (X, B, µ) is called a non-singular G-space. If the action is actually measure preserving, i.e. g * µ = µ for all g ∈ G, then (X, B, µ) is called a measure G-space. Lastly, an action preserving a given probability measure is referred to as a pmp action.
Remark 2.4. If (X, B) is a measurable space and η is a σ-finite measure on it, then there exists a probability measure µ on X which is equivalent to η; if E n ⊂ X are disjoint, measurable, of positive and finite η-measure and with conull union in X, one may for instance take the measure
This standard fact will be used repeatedly throughout the paper -in particular we shall apply it to the Haar measures on a given lcsc group, which are all σ-finite since an lcsc group is σ-compact.
Recall that a topological space is said to be Polish if it is homeomorphic to a complete, separable metric space and that a measurable space (X, B) is said to be a standard Borel space if X admits a topology with respect to which it is Polish and B is the Borel σ-algebra; i.e. the σ-algebra generated by the open subsets. In this situation, elements of B are often referred to as Borel sets and a measure defined on the Borel σ-algebra is referred to as a Borel measure. The class of standard Borel spaces possesses a number of pleasant features; for instance, any measurable subset of a standard Borel space is again standard Borel [Mac57, Corollary 1], and for any measurable bijection between standard Borel spaces, the inverse is automatically measurable as well [Mac57, Corollary 1]; we shall refer to such a map as a Borel isomorphism. In what follows, the adjective 'standard Borel' will always indicate that the underlying space is a standard Borel space; thus, a standard Borel G-space is a standard Borel space which is also a measurable G-space, and a standard Borel measure G-space is a standard Borel G-space equipped with a Borel measure with respect to which the action is measure preserving. Lastly, a standard Borel measure space with a Borel probability measure will be referred to as a standard Borel probability space.
Definition 2.5 ( [Zim84] ). If (X, µ) and (Y, ν) are measure G-spaces, then X and Y are said to be isomorphic if there exist conull, G-invariant measurable subsets X 0 ⊂ X and Y 0 ⊂ Y and a G-equivariant isomorphism of measurable spaces f :
As is standard, we will often write f : X → Y in this situation.
With these preliminaries taken care of, we can now introduce the notion of measure equivalence following Bader-Furman-Sauer.
Definition 2.6 ([BFS13]
). Two unimodular lcsc groups G and H with Haar measures λ G and λ H are said to be measure equivalent if there exist a standard Borel measure G × H-space (Ω, η) and two standard Borel measure spaces (X, µ) and (Y, ν) such that:
(i) both µ and ν are finite measures and η is non-zero; (ii) there exists an isomorphism of measure G-spaces i :
where Ω is considered a measure G-space for the restricted action and G × Y is considered a measure G-space for the action g.(g ′ , y) = (gg ′ , y); (iii) there exists an isomorphism of measure H-spaces j :
where Ω is considered a measure H-space for the restricted action and H × X is considered a measure H-space for the action h.(h ′ , x) = (hh ′ , x). A standard Borel space (Ω, η) with these properties is called a measure equivalence coupling between G and H, and whenever needed we will specify the additional data by writing (Ω, η, X, µ, Y, ν, i, j).
Remark 2.7. Since the Haar measure on a locally compact group is unique up to scaling, the definition of measure equivalence is independent of the choice of Haar measures on the groups in question. For a proof that measure equivalence is indeed an equivalence relation, the reader is referred to [BFS13, Appendix A]; for the details, see also [Zim84, Appendix B] and [Mac62] . Note that, under the hypotheses in Definition 2.6, (Ω, η) is automatically σ-finite and if A ⊂ G×Y is a G-invariant subset then A = G×Y 0 where Y 0 = {y ∈ Y | ∃g ∈ G : (g, y) ∈ A}. Thus, the requirement on the map i amounts to saying that there exist a measurable conull subset Y 0 ⊂ Y and a measurable conull G-invariant subset Ω 0 ⊂ Ω such that i : G × Y 0 → Ω 0 is a measure preserving, G-equivariant isomorphism of Borel spaces (and similarly for j).
Recall that if G and H are topological groups and (X, µ) is a measure G-space then a measurable map ω : G × X → H is called a measurable cocycle if for all g 1 , g 2 ∈ G there exists a conull subset X 0 ⊂ X such that the cocycle relation ω(g 1 g 2 , x) = ω(g 1 , g 2 .x)ω(g 2 , x) holds for all x ∈ X 0 . A measurable cocycle is said to be strict if the cocycle relation is satisfied for all x ∈ X. Assume now that G and H are measure equivalent, unimodular, lcsc groups and denote by (Ω, η) a measure equivalence coupling with associated finite standard Borel measure spaces (X, µ) and (Y, ν) and measure space isomorphisms i and j. That is, there exist conull, measurable subsets
and Ω ′ 0 are Gand H-invariant, respectively, and the restrictions
are G-and H-equivariant, measure preserving, measurable isomorphisms, respectively. Then for every h ∈ H there exists a conull, measurable subset Y h ⊂ Y 0 such that for all y ∈ Y h and all g ∈ G, one has h.i 0 (g, y) ∈ Ω 0 , and thus i 0 (g, y) ) ∈ G × Y 0 makes sense. For such y ∈ Y h we now define ω G (h, y) −1 ∈ G to be the G-coordinate of i y) ) and h.y to be the Y -coordinate of i 
Note also that if i itself were a measurable isomorphism and G-equivariant at every point, then the associated near action of H on (Y, ν) is a genuine action and the associated measurable cocycle ω G is automatically strict. In exactly the same manner we get a measure preserving action G (X, µ) with associated measurable cocycle ω H : G × X → H.
The following theorem shows that one may always replace a measure equivalence coupling with one where all the defining properties are satisfied point-wise, in contrast to almost everywhere.
Theorem 2.8. Let (Ω, η, X, µ, Y, ν, i, j) be a measure equivalence coupling between unimodular lcsc groups G and H with action (g, h, t) → (g, h).t. Then there are conull, Borel subsets Ω ′ ⊂ Ω, X ′ ⊂ X and Y ′ ⊂ Y and a measure preserving action G×H ×Ω ′ −→ Ω ′ , (g, h, t) → (g, h)⊲t, such that the following hold:
Proof. By definition, there exist conull, Borel subsets
and Ω ′ 0 are G-and H-invariant, respectively, and such that the restrictions 
0 (t)) that agrees with the original H-action on Ω almost everywhere. Now clearly Ω 0 is both G-and H-invariant (for the original action of G and the new action of H) and i 0 is a measure preserving, G × H-equivariant Borel isomorphism with respect to these actions. Symmetrically, we obtain a measurable G-action on X 0 which pushes forward to a G-action on Ω ′ 0 := j 0 (H × X 0 ) that agrees with the original action G Ω almost everywhere and with respect to which j 0 is a G × H-equivariant, measure preserving, Borel isomorphism. Now replace η with a probability measure ζ in the same measure class, and note that both the new actions G × H Ω 0 and G × H Ω ′ 0 are non-singular with respect to ζ. The inclusions Ω 0 ⊂ Ω and Ω ′ 0 ⊂ Ω induce G × H-equivariant isomorphisms at the level of Boolean algebras (here Ω is considered with the original G × H-action and Ω 0 and Ω ′ 0 with the ones just constructed) associated with ζ and in total we therefore obtain a G × Hequivariant isomorphism of Boolean algebras Φ :
. By Mackey's uniqueness theorem [Mac62, Theorem 2] there exist ζ-conull (and thus η-conull) G × H-invariant Borel subsets Ω 00 ⊂ Ω 0 and Ω ′ 00 ⊂ Ω ′ 0 and a G × H-equivariant Borel isomorphism ϕ : Ω 00 → Ω ′ 00 which dualizes to Φ. Since Φ preserves the measure η the same is true for ϕ. Now pull Ω ′ 00 back via j 0 to an H-invariant subset of H × X 0 which is then of the form H × X 00 for a conull Borel subset X 00 ⊂ X 0 and, similarly, pull Ω 00 back via i 0 to a set of the form G × Y 00 . Then replacing (Ω, η) with (Ω 00 , η| Ω 00 ) we obtain measure preserving Borel isomorphisms
which are, respectively, point-wise G-and H-equivariant. Putting Ω ′ = Ω 00 , X ′ = X 00 , Y ′ = Y 00 , i ′ = i 00 and j ′ := ϕ −1 • j 00 we obtain a coupling with the claimed properties.
Remark 2.9. A measure coupling (Ω, η, X, µ, Y, ν, i, j) in which i and j are Borel isomorphisms and globally equivariant is called a strict measure coupling, and the theorem just proven shows that there is always a strict measure coupling between measure equivalent groups.
The following lemma will be used in the proof of Proposition 2.13 and in Section 3.
Lemma 2.10. Let G be an lcsc group and X be a standard Borel space and endow G × X with the structure of a measurable G-space given by multiplication on the first factor.
is a probability measure class on X and [ρ] is a G-invariant class of a σ-finite measure on G × X that projects to [µ] via the right leg projection
If µ is a probability measure on X and ρ is a G-invariant σ-finite measure on G × X which is equivalent to a probability measure projecting to µ, then there is a measurable function b :
Proof. We start by proving (i). Since ρ is σ-finite it is equivalent to a probability measure ρ 0 and we have µ ∼ (p X ) * (ρ) ∼ (p X ) * (ρ 0 ), so upon replacing µ with (p X ) * (ρ 0 ) we may assume that (p X ) * (ρ 0 ) = µ. So Theorem 2.1 in [Hah78] applies and we find a disintegration ρ = X ρ x dµ(x), where ρ x are Borel measures supported on G × {x} for each x ∈ X. Further the classes [ρ x ] are uniquely determined µ-almost everywhere and since ρ is σ-finite, ρ x is µ-almost everywhere σ-finite too. We may therefore assume that ρ x is σ-finite for all x ∈ X. Let δ ∈ C c (G) be a non-negative function of integral 1 and consider the Borel measure δ * ρ defined by δ * ρ(E) :
for all x ∈ X δ . For x ∈ X δ we find a probability measure π x that is equivalent to ρ x since the latter is σ-finite. Then δ * π x ∼ δ * ρ x and for any Borel set
is continuous, as the following calculation shows.
Since G is separable we may choose a countable dense subgroup G 0 ⊂ G, and for each g ∈ G 0 there is a conull subset
We infer that for measurable E ⊂ G × X and x ∈ X δ ∩ g∈G 0 X g , we have the following equivalences:
This shows that, µ-almost everywhere, the measure class
, where δ x denotes the Dirac mass at x. We therefore obtain that
which finishes the proof of (i).
We next prove (ii). By Theorem 2.1 in [Hah78] there exists a disintegration ρ = X ρ x dµ(x) where, for all x ∈ X, each ρ x is a Borel measure on G × X whose support lies in G × {x} and ρ x is µ-almost everywhere unique. For notational convenience, whenever x ∈ X we will identify G with G × {x} in the sequel. By the proof of part (i), we know that ρ x is µ-almost everywhere equivalent to λ G and we may assume without loss of generality that ρ x ∼ λ G for all x ∈ X. Let δ ∈ C c (G) be a non-negative function of integral 1. Since ρ is G-invariant, we have δ * ρ = ρ. By Fubini's theorem we have
By uniqueness of the disintegration, it follows that there is a conull subset X δ ⊂ Y such that δ * ρ x = ρ x for all x ∈ X δ . We aim at proving that ρ x is G-invariant almost everywhere, and to this end we first prove that G ∋ g → δ * ρ x (gE) is lower-semicontinuous for all subsets E ⊂ G of finite measure and all x ∈ X δ . Since ρ x ∼ λ G and both measures are σ-finite, the Radon-Nikodym theorem applies and for each n ∈ N we may therefore consider the function δ * ϕ n , where
which is continuous, since the second factor of the convolution product is bounded. Since E is assumed to have finite λ G -measure, an application of Lebesgue's dominated convergence theorem shows that
is a continuous, positive function on G. Monotone convergence now shows that for all g ∈ G we have
Being the supremum of a sequence of continuous functions, this implies lower semi continuity
Making use of uniqueness of the disintegration and G-invariance of ρ again, we find for every g ∈ G a conull subset X g ⊂ X such that for all x ∈ X g we have the identity g * ρ x = ρ x . Choose again a countable, dense subgroup G 0 ⊂ G so that
It follows that for all x ∈ X 0 , all g ∈ G and all E ⊂ G of finite measure, we have ρ x (gE) = ρ x (E) and since G is σ-compact it holds true for all measurable subsets E; i.e. ρ x is G-invariant for all x ∈ X 0 . Combining this with the fact that ρ x ∼ λ G holds µ-almost everywhere, we can consider the Radon-Nikodym derivative of ρ x , and since both ρ x and λ G are invariant measures this function is invariant too and hence constant. Hence, ρ x is a Haar measure µ-almost everywhere. Invoking measurability of x → ρ x (E × X) for measurable subsets E ⊂ G, we find a measurable function b :
This finishes the proof of the lemma.
We end this section with a result showing that in addition to strictness, one can also obtain freeness and ergodicity of measure couplings. In order to clarify the measure theoretical subtleties, we recall the following definitions.
Definition 2.11. Let G be an lcsc group and (X, µ) a non-singular G-space.
• We say that G X is essentially free if the set of all elements in X whose stabiliser is non-trivial is conull.
• We say that G X is ergodic if every measurable subset A ⊂ X, for which the set A∆gA ⊂ X is a null set for all g ∈ G, is either null or conull in X.
Remark 2.12. Note that when G acts non-singularly on a standard Borel probability space (X, µ), then ergodicity of the action is equivalent to the formally weaker statement: any Ginvariant Borel set A ⊂ X is either null or conull (cf. [GdlH15, Proposition 7.7]). In particular, when given a standard Borel G-space with a σ-finite G-invariant Borel measure η, we may find a probability measure µ on X such that [η] = [µ] and for which the action is therefore nonsingular. Hence in this situation there is no difference between the two notions of ergodicity.
Proposition 2.13. Let G and H be measure equivalent, unimodular, lcsc groups. Then there exists a free, ergodic and strict measure equivalence coupling between G and H.
Proof. We split the proof into two statements.
(i) There exists a strict measure equivalence coupling between G and H with genuinely free G × H-action. (ii) The measures associated with the coupling in (i) can be replaced by ergodic ones. We first prove (i). Assume, as we may by Theorem 2.8, that (Ω, X, Y, i, j) is a strict measure equivalence coupling and let (Z, ζ) be a standard Borel probability space upon which G × H acts essentially freely and measure preservingly, the existence of which is guaranteed
and intertwines the action just described with the action given by multiplication on the first leg.
is a measure space isomorphism intertwining the G-action on the first leg with the G-action on Ω ′ . By symmetry, this shows that Ω ′ is a measure equivalence coupling and, by construction, the G × H-action on Ω ′ is essentially free. Thus, by replacing Ω with Ω ′ and applying Theorem 2.8 once more, we may assume that the G × H-action on (Ω, η) is strict and essentially free. By [MRV13,  Lemma 10], the conull set of points Ω 0 in Ω with trivial stabiliser is Borel and G × H-invariant and pulling this set back via i and j we get G-and H-invariant subsets, respectively; hence
is a strict coupling and the G × H-action on Ω 0 is free.
To prove (ii), assume that (Ω, η, X, µ, Y, ν, i, j) is a strict, free measure equivalence coupling and hence that i and j induce measure preserving actions G (X, µ) and H (Y, ν). By the Ergodic Decomposition Theorem [GdlH15, Theorem 7.8] there exists a standard Borel probability space (Z, ζ) and a family of G-invariant, ergodic probability measures (µ z ) z∈Z such that the map z → µ z (A) is measurable for every measurable subset A ⊂ X and
Since µ z is G-invariant and H is unimodular, the pushforward η z := j * (λ H × µ z ) is G × Hinvariant and hence the same is true for ρ z := (i −1 ) * η z on G × Y when the latter is considered with the G × H-action induced by i −1 . As η = j * (λ H × µ) we get that η(B) = Z η z (B)dζ(z) for every measurable set B ⊂ Ω and since η is σ-finite, η z is σ-finite for almost all z ∈ Z and hence the same is true for ρ z . Denote by Z 0 the conull Borel subset consisting of points z for which η z is σ-finite and pick a z ∈ Z 0 ; we now show that η z is ergodic. To this end, note first that Remark 2.12 applies so it suffices to check ergodicity only on genuinely G × H-invariant measurable subsets B ⊂ Ω. For such a set B, since the coupling is strict we obtain that j −1 (B) is H-invariant and hence of the form H × B 0 for a Borel subset B 0 ⊂ X. By G-invariance of B we conclude that B 0 is invariant for the induced action G X and hence either null or conull with respect to µ z ; thus B is either null or conull with respect to η z . From this we conclude that ρ z is ergodic for the G × H-action induced via i. Since ρ z is σ-finite it is equivalent to a probability measure ρ ′ z and applying Lemma 2.10 to the probability measure
Now note that since ρ z is ergodic for the G × H-action ν ′ z := b z ν z is ergodic for the H-action; to see this let B ⊂ Y be an H-invariant Borel set and note that G × B is G × H-invariant and hence either null or conull with respect to ρ z = λ G × ν ′ z . Moreover, for any Borel set U ⊂ G we have
so ν ′ z is finite ζ-almost surely. Hence for any choice of z ∈ Z such that ν ′ z is finite, the measure equivalence coupling (Ω, η z , X, µ z , Y, ν ′ z , i, j) is ergodic.
Measure equivalence and orbit equivalence
We now introduce orbit equivalence in the setting of non-discrete lcsc groups, as treated for instance in [CLM16, Definition 1.12] for ergodic actions. We specify our definition as follows.
Definition 3.1. Let G and H be lcsc groups and let (X, µ) be an essentially free, non-singular, standard Borel probability G-space and (Y, ν) be an essentially free, non-singular, standard Borel probability H-space.
• The two actions are said to be orbit equivalent if there exist a Borel map ∆ : X → Y , conull Borel subsets X 0 ⊂ X and Y 0 ⊂ Y such that ∆ * µ ∼ ν and ∆ restricts to a Borel isomorphism ∆ 0 : X 0 → Y 0 with the property that
• If the actions are actually measure preserving then they are said to be orbit equivalent if they are so as non-singular actions and if the map ∆ can be chosen such that ∆ * (µ) = ν. Moreover, the actions are said to be stably orbit equivalent if there exist non-negligible Borel subsets A ⊂ X and B ⊂ Y such that G.A ⊂ X is conull, H.B ⊂ Y is conull and there exists a Borel isomorphism ∆ :
Remark 3.2. Note that the conull subsets in the definition of orbit equivalence are required to be Borel, but reasoning as in Remark 2.2 one sees that this is equivalent to the corresponding definition without the Borel requirement (and with measures replaced by completed measures). Note also that if the two actions are orbit equivalent so are their restrictions to any choice of conull, invariant subsets in X and Y , respectively.
Remark 3.3. Note that if G and H are non-discrete lcsc groups that admit stably orbit equivalent, ergodic actions then the original actions are actually already orbit equivalent [CLM16, Lemma 1.20]. Thus, the notion of stable orbit equivalence is really only of interest for discrete groups.
Lemma 3.4. If G (X, µ) and H (Y, ν) are non-singular, essentially free actions of lcsc groups G and H on standard Borel probability spaces and if ∆ : X → Y is an orbit equivalence between the two actions, then there exist measurable cocycles c : G×X → H and d : H ×Y → G with the properties that:
(i) for all g ∈ G the relation ∆(g.x) = c(g, x).∆(x) holds for almost all x ∈ X;
(ii) for all h ∈ H the relation ∆ −1 (h.y) = d(h, y).∆ −1 (y) holds for almost all y ∈ Y . Here ∆ −1 denotes any Borel extension to
Proof. The set of points with trivial stabilizer is invariant, conull and Borel [MRV13, Lemma 10], so we may assume that both actions are genuinely free. Fix X 0 and Y 0 as in the definition and a g ∈ G. Then g −1 X 0 ∩X 0 := X g is conull in X and for x ∈ X g we have ∆(g.x) ∈ H.∆(x)∩ Y 0 so there exists a unique (by freeness) element c(g, x) ∈ H such that ∆(g.x) = c(g, x).∆(x). This defines a map c :
, and the domain of c is conull in G × X by Fubini, since each X g is conull in X. Extend c to all of G × X by mapping elements in the complement of {(g, x) ∈ G × X | x ∈ X g } to e ∈ H. Then c is a measurable cocycle, because for all g 1 , g 2 ∈ G and all x in the conull subset
and hence c(g 1 g 2 , x) = c(g 1 , g 2 .x)c(g 2 , x) by freeness. Moreover, by construction ∆(g.x) = c(g, x).∆(x) for all x in the conull subset X g . The existence of the cocycle d follows by symmetry.
Remark 3.5. Let G and H be lcsc groups and let (X, µ) be an essentially free, non-singular, standard Borel probability G-space and (Y, ν) an essentially free, non-singular, standard Borel probability H-space. If ∆ : X → Y is an orbit equivalence between the two actions and c : G × X → H the associated cocycle, then the map Φ :
maps the measure class of λ G × µ to the measure class of λ H × ν. In particular, the cocycle c maps the measure class of λ G × µ to the measure class of λ H . This follows from Mackey's theory of measure groupoids: The push-forward
Further, it satisfies the condition of Definition 2.3 in [Hah78] 
is a measure groupoid. So Proposition 3.4 of [FHM78] applies and shows that
. This remark will be used in the proof of Lemma 3.11.
3.1. Cross section equivalence relations. In this section we briefly recall the notion of a cross section for an action of a locally compact group, which is originally due to Forrest [For74] and more recently treated in [KPV15] and [CLM16] . Let G be an lcsc group and let (X, µ) be a standard Borel probability space endowed with a non-singular, essentially free action θ : G (X, µ). It is well known that it is, in general, impossible to choose a Borel subset of X meeting every orbit exactly once, but by [For74, Proposition 2.10] one may find a Borel subset X 0 ⊂ X and an open neighbourhood of the identity U ⊂ G such that (i) the restricted action map θ| : U × X 0 → X is injective, and (ii) the subset G.X 0 is Borel and conull in X. A subset X 0 ⊂ X with the above mentioned properties is called a cross section of the action G (X, µ). Note that since G is assumed second countable, if θ| : U × X 0 → X is injective then θ| : G × X 0 → X is countable-to-one and hence the set
is Borel and the projection π l : Z → X is countable-to-one. One may therefore define a σ-finite Borel measure ρ on Z by setting
where | · | here, and in what follows, denotes the cardinality of the set in question. In the situation where G is unimodular and the action is assumed measure preserving one has the following.
Proposition 3.6 (cf. [KPV15, Proposition 4.3]). Let G be an unimodular lcsc group and (X, µ) be a standard Borel probability space endowed with an essentially free, pmp action
Denote by X 0 ⊂ X a cross section and fix a Haar measure λ G on G. Then the following hold.
(1) The set
Borel equivalence relation with countable orbits. (2) There exist a unique Borel probability measure µ 0 on X 0 and a number covol(
where Z and ρ are as defined above. Thus, whenever U ⊂ G is an open identity neighbourhood with θ| :
Moreover, the measure µ 0 is invariant under the equivalence relation
is ergodic if and only if (R X 0 , µ 0 ) is ergodic and in this case the equivalence relation associated with another choice of cross section is stably orbit equivalent to R X 0 . (4) The group G is amenable if and only if (R X 0 , µ 0 ) is amenable.
The equivalence relation R X 0 is referred to as a cross section equivalence relation for the action G (X, µ). For background material about countable equivalence relations and their properties we refer to [FM77] and [CFW81] . At this point we just single out our definition of stable orbit equivalence, since we were unable to find a suitable reference for this in the non-ergodic case (see eg. [Fur99b] for the ergodic case).
Definition 3.7. Let R and S be countable Borel measure preserving equivalence relations on standard Borel probability spaces (X, µ) and (Y, ν). Then R and S are said to be stably orbit equivalent if there exist non-negligible Borel subsets A ⊂ X and B ⊂ Y and a Borel isomorphism ∆ : A → B such that:
(i) the R-saturation of A, i.e. the set {x ∈ X | ∃a ∈ A : (x, a) ∈ R}, is conull in X and the
3.2. Equivalence of measure equivalence and stable orbit equivalence. The aim in the section is to provide a proof of Theorem A; more precisely we prove the following. (ii) G × S 1 and H × S 1 admit orbit equivalent, essentially free, ergodic, pmp actions on standard Borel probability spaces. (iii) G and H admit essentially free, ergodic, pmp actions on standard Borel probability spaces for which the cross section equivalence relations associated with some (equivalently any) choice of cross sections are stably orbit equivalent. If both groups G and H are discrete, (ii) can be replaced by
(ii)' G and H admit stably orbit equivalent, essentially free, ergodic, pmp actions on standard Borel probability spaces. If both G and H are non-discrete, (ii) can be replaced by
(ii)" G and H admit orbit equivalent, essentially free, ergodic, pmp actions on standard Borel probability spaces.
Here, and in what follows, S 1 denotes the circle group. We split up the proof of Theorem 3.8 into several lemmas, some of which are, in the interest of future reference, stated in slightly more generality than needed for Theorem 3.8.
Lemma 3.9. If G and H are non-discrete, unimodular, lcsc groups with essentially free pmp actions G (X, µ) and H (Y, ν) on standard Borel probability spaces and if X 0 ⊂ X and Y 0 ⊂ Y are cross sections for the two actions whose associated cross section equivalence relations are stably orbit equivalent then the original actions are orbit equivalent.
Proof. Let U ⊂ G and V ⊂ H be precompact, open neighbourhoods of the identities in G and H such that the restricted actions maps α : U × X 0 → X and β : V × Y 0 → Y are injective. Since G and H are assumed non-discrete, we may choose an isomorphism of standard Borel probability spaces f : 
preserves the normalized measures and the restricted orbit equivalence relations. To this end, recall that have
µ(U.X 0 ) (and similarly for H) and we therefore get:
Thus∆ preserves the normalized measures. To see that it preserves orbits, simply observe that for u 1 , u 2 ∈ U and a 1 , a 2 ∈ A we have u 1 a 1 ∼ u 2 a 2 iff a 1 ∼ a 2 and since ∆ is an orbit equivalence it follows that∆ is as well. This shows that the original actions G (X,
Note that measure equivalence couplings with the properties prescribed in Lemma 3.10 always exist by Proposition 2.13. The statement in Lemma 3.10 is implicit in the proofs of Proposition 4.3 and Corollary 4.6 in [KPV15] , but for the convenience of the reader we provide a full proof below.
Proof. Let (Ω, η, X, µ, Y, ν, i, j) be an essentially free, strict measure equivalence coupling between G and H, and note that we may assume that it is genuinely free by Proposition 2.13. Since G × H Ω is free so are both the induced actions G (X, µ) and H (Y, ν) and we can therefore find cross sections X 0 ⊂ X and Y 0 ⊂ Y with associated probability measures µ 0 and ν 0 satisfying the conditions in Proposition 3.6 (2). Denote by R X 0 and R Y 0 the associated cross section equivalence relations; we now need to show that these are stably orbit equivalent. Note that X ′ 0 := j({e H } × X 0 ) and Y ′ 0 := i({e G } × Y 0 ) are both cross sections 2 for the action G × H Ω and we will now consider them with the probability measures µ ′ 0 := j * (δ e H × µ 0 ) and ν ′ 0 := i * (δ e G × ν 0 ). Note also that the map x 0 → j(e H , x 0 ) is an orbit equivalence between R X 0 and the restriction to X ′ 0 of the orbit equivalence relation R G×H of G × H Ω. It therefore suffices to show that R G×H | X ′ 0 is stably orbit equivalent with R G×H | Y ′
0
. For notational convenience we put K := G × H and define
Each of these sets is Borel in the product space in question and we now endow them with σ-finite measures. Note that the projection maps π l : S → X ′ 0 and π r : S → Y ′ 0 are both countable-to-one and we can therefore define two measures on S by integrating the counting measure against the measures on X ′ 0 and Y ′ 0 , respectively. In more detail, for a Borel subset E ⊂ S we define
Similarly, the left leg projection maps from Z, Z
Proof of Claim 1. For any Borel function f :
we get, using the unimodularity of H and the measure ρ associated with X 0 via Proposition 3.6, that
follows by a similar argument.
Claim 2. The Borel isomorphisms Φ 1 : K ×S → Z and
Proof of Claim 2. For any Borel function f :
This proves the first formula claimed and the other one follows similarly.
Since K Ω is assumed free, for every (x 0 , y 0 ) ∈ S there exists a unique Λ(x 0 , y 0 ) ∈ K such that Λ(x 0 , y 0 )y 0 = x 0 and the map Λ : S → K defined this way is Borel: Indeed
shows that δ| I is a Borel isomorphism onto its image. Thus Λ = p K • (δ I ) −1 is a Borel map, where p K : K × Ω → K denotes the first coordinate projection. Consider now the Borel map ζ : K × S → K × S given by ζ(k, x 0 , y 0 ) = (kΛ(x 0 , y 0 ), x 0 , y 0 ) and note that since K is unimodular ζ * (λ K ×γ l ) = λ K ×γ l . Moreover, a direct computation shows that Φ 1 = Φ 2 • ζ and hence we conclude that
and since Φ 2 is a Borel isomorphism this implies that covol(
which, in turn, yields
With the formula (3) at our disposal we can now finish the proof. Consider any K-invariant, η-non-negligible measurable subset Ω 1 ⊂ Ω and define and S 1 := S ∩ Ω 1 × Ω 1 . Pick a subset S 2 ⊂ S 1 with γ l (S 2 ) > 0 and on which both π l and π r are injective, and put X ′ 2 := π l (S 2 ) and Y ′ 2 := π r (S 2 ). Note also that
We may then define a Borel isomorphism ψ := π r • (π l | S 2 ) −1 : X ′ 2 → Y ′ 2 and the formula (3) now implies that
and, by definition, ψ preserves the restrictions of the orbit equivalence relation of K Ω to X ′ 2 and Y ′ 2 , respectively. Moreover, we have K.X ′ 2 = K.Y ′ 2 and since µ ′ 0 (X ′ 2 ) > 0 it follows from Claim 1 that this set is non-negligible in Ω. The proof is now concluded by applying a maximality argument: Denote by A the set of subsets S 0 ⊂ S such that π l and π r are injective on S 0 and such that K.π l (S 0 ) = K.π r (S 0 ) is a non-negligible subset in Ω. By what was just proven such subsets S 0 exist and ordering them by inclusion makes A an inductively ordered set. Picking a maximal element S max in A, it being maximal implies that X ′ max := π l (S max ) and
Moreover, by what was shown above the associated map ψ max := π r • (π l | Smax ) : X ′ max → Y ′ max scales the restricted measures and maps orbits to orbits; thus ψ max is an orbit equivalence if we can show that the saturations of X ′ max and Y ′ max are conull. To this end, note that the saturation of X ′ max equals K.X ′ max ∩ X ′ 0 and hence its complement in
. By construction N := Ω \ K.X max is a K-invariant η-null set and applying Claim 1 again we get
Thus µ ′ 0 (X ′ 0 ∩ N ) = 0 and the proof is complete. Lemma 3.11. If G and H are unimodular lcsc groups admitting orbit equivalent, essentially free, pmp actions on standard Borel probability spaces then G and H are measure equivalent.
Proof. Let G (X, µ) and H (Y, ν) be orbit equivalent, essentially free, pmp actions. By [MRV13, Lemma 10] we may assume that both actions are genuinely free. Choose an orbit equivalence ∆ : X → Y and denote by X 0 ⊂ X and Y 0 ⊂ Y the conull Borel subsets between which the restriction ∆ 0 := ∆| X 0 : X 0 → Y 0 is a Borel isomorphism mapping orbits to orbits. For notational convenience, we choose a (not necessarily invertible) Borel extension
and choose, as we may by [Zim84, Theorem B.9], strict cocycles c and d that agree withc and d, respectively, almost everywhere. Note that these strict cocycles therefore fulfil the following variations of (4) and (5)
∀h ∈ H : ∆ −1 (h.y) = d(h, y).∆ −1 (y) for allmost all y ∈ Y .
We now define two measurable left actions of G on G × X and of H on H × Y by setting
Note that the two G-actions on G×X preserve λ G ×µ since G is unimodular and acts measure preservingly on (X, µ), and similarly for the the two H-actions on H × Y . Furthermore, we define two measurable near actions (cf. Section 2 for this notion) of G on H × Y and of H on G × X by
for all g ∈ G, h ∈ H and x ∈ X,
for all g ∈ G, h ∈ H and x ∈ X.
We next prove that the (G, · )-near action on H × Y preserves λ H × ν. To this end, let
Borel function and let g ∈ G be given; we then have
Since H is unimodular and acts measure preservingly on (Y, ν), the groupoid inversion
Similarly one obtains that I G intertwines the two near actions of H on G × X and that these preserve λ G × µ. Since near actions at the spacial level correspond to genuine actions at the level of abelian von Neumann algebras (or equivalently Boolean algebras) we therefore have two actions of G and two actions of H (denoted again by " · " and "⊲") on both
, ∆(x)). Then Φ is measurable and by Remark 3.5 we have
or, equivalently, a map at the level of Boolean algebras
By symmetry, the map Ψ :
, and we now show that Ψ * and Φ * are each others inverses. To this end, we first prove the following:
Proof of Claim 1. We have that A contains the intersection of the three sets:
so it suffices to show that each of these sets are conull in H × X. Firstly, A 1 is conull since d andd agree almost surely. Secondly, by the defining properties (4) and (5) of the measurable cocycles and genuine freeness of the actions G X and H Y , it follows that c(d(h, ∆(x)), x) = h if h ∈ H and x ∈ X 0 are such that h.∆(x) ∈ Y 0 , and hence
and the latter set is conull thanks to Fubini, since H acts measure preservingly on (Y, ν). Thirdly, the set A 3 is the inverse image under the map Θ :
and hence the set A 3 is conull. This finishes the proof of the Claim 1.
With Claim 1 at our disposal we can now show that Φ * and Ψ * are indeed each others inverses: note that for h ∈ H and y ∈ Y 0 we have
0 (y)), y , and it follows from Claim 1 that the set {(h, y) ∈ H × Y 0 | c d(h, y), ∆ −1 0 (y) = h} is conull in H × Y . This proves that Ψ * • Φ * = id and the identity Φ * • Ψ * = id follows by symmetry, by switching the roles of ∆ and ∆ −1 . Next we show that Φ * is (G, · )-equivariant. To this end, let g 0 ∈ G and f ∈ L ∞ (H × Y ) be given. We then have
Hence Φ * (g
.∆(x)) = g.x for almost all (g, x) ∈ G × X which is true by (6). Symmetrically, one sees that Ψ * is (H, · )-equivariant and since Ψ * and Φ * are each others inverses it follows that both are (G, · )-and (H, · )-equivariant. Finally, we prove that both maps are also equivariant with respect to the ⊲-actions of G and H. For this, consider again the groupoid inversions I G : G × X → G × X and I H : H × Y → H × Y . As noted above, these preserve λ G × µ and λ H × ν, respectively, and hence also dualize to the von Neumann algebra level. Moreover, a short calculation shows that Φ * • I * H = I * G • Φ * and since the groupoid inversions intertwine the · -actions with the ⊲-actions we conclude from this that Φ * is equivariant with respect to both actions of G and both actions of H -and hence the same holds true for its inverse Ψ * . Note also that the · -action of G and the ⊲-action of H on L ∞ (G × X) commute and that the same is the case for the corresponding actions on 
Since Ω 0 is invariant under the (G, · )-action, it is of the form G × X 1 for some measurable, conull subset X 1 ⊂ X and since Ω ′ 0 is invariant for the (H, · )-action it is of the form H × Y 1 for some measurable conull subset Y 1 ⊂ Y .
We now aim to turn G×X 1 with the (G×H, · ×⊲)-action into a measure equivalence coupling between G and H. To this end, we first extend both ϕ and ϕ −1 to Borel maps (still denoted ϕ and ϕ −1 ) on G × X and H × Y , respectively, and consider the measure ρ :
Moreover, since λ H is σ-finite it is equivalent to a probability measure π and hence ρ ∼ π × ν and the latter projects onto ν via the right leg projection 
The latter measure is σ-finite (since this is the case for λ H × ν 0 ) and hence equivalent to a probability measure which can be pushed forward to a probability measure µ ′ 0 on X. Applying Lemma 2.10, we therefore obtain a measurable function f : Finally, we gather the results above to a proof of Theorem 3.8.
Proof of Theorem 3.8. Assuming G and H measure equivalent, we may, by Proposition 2.13, choose a strict, free, ergodic measure coupling (Ω, η, X, µ, Y, ν, i, j). The induced actions G (X, µ) and H (Y, ν) are then also free and ergodic and by Lemma 3.10 it follows that the cross section equivalence relations associated with any choice of cross sections X 0 ⊂ X and Y 0 ⊂ Y are stably orbit equivalent; thus (i) implies (iii). Assuming (iii), we have essentially free, ergodic, pmp actions G (X, µ) and H (Y, ν) with cross sections X 0 and Y 0 for which the associated cross section equivalence relations, R X 0 and R Y 0 , are stably orbit equivalent. Since S 1 (S 1 , λ S 1 ) is free and ergodic so is the diagonal action G × S 1 X × S 1 (freeness is clear and any invariant subset is of the form A × S 1 for a G-invariant subset A in X) and X 0 × {1} is a cross section for this action and the associated cross section equivalence relation is orbit equivalent with R X 0 . So, we obtain essentially free, ergodic, pmp actions of G × S 1 and H × S 1 with stably orbit equivalent cross section equivalence relation and by Lemma 3.9 we conclude that the original actions are orbit equivalent; this shows that (iii) implies (ii). Lastly, assuming (ii) we get that G × S 1 is measure equivalent with H × S 1 from Lemma 3.11, and hence (i) holds because any unimodular lcsc group G is a cocompact subgroup of G × S 1 and in particular measure equivalent to it.
Finally we need to address the two special cases: If G and H are discrete, the equivalence of (i) and (ii)' is well known [Fur99b] and the equivalence of (ii)' and (iii) is obvious as the whole space is a cross section for an essentially free action of a countable, discrete group. If both G and H are non-discrete, the proof given above goes through without passing to an amplification with S 1 before applying Lemma 3.9, thus showing the equivalence between (i), (ii)" and (iii).
Measure equivalence of amenable lcsc groups
In this section we prove Theorem B and show, conversely, that if a unimodular lcsc group is measure equivalent to a unimodular amenable group, then it is itself amenable.
Theorem 4.1. All non-compact, amenable, unimodular, lcsc groups are pairwise measure equivalent.
Proof. By the Ornstein-Weiss theorem [OW80, Theorem 6] (see also [Fur99b, Dye59, Dye63] ) all infinite, discrete, countable, amenable groups are measure equivalent, and since Z is measure equivalent to R we only need to prove that any pair of non-discrete, non-compact amenable, lcsc unimodular groups G and H are measure equivalent. Let therefore G and H be two such groups and pick essentially free, ergodic pmp actions G (X, The techniques used in the proof above also provides an explicit proof of the following wellknown consequence of [CFW81] (cf. [BHI15, page 2]): all essentially free, ergodic, probability measure preserving actions of non-compact, non-discrete, amenable, unimodular, locally compact, second countable groups on standard Borel probability spaces are pairwise orbit equivalent. Namely, given two such groups G and H with essentially free, ergodic, pmp action on standard Borel probability spaces (X, µ) and (Y, ν), respectively, then, as in the proof just given we conclude that the cross section equivalence relations associated with any choice of cross sections for the two actions are orbit equivalent, and hence the original actions are orbit equivalent by Lemma 3.9.
Theorem 4.2. If G and H are measure equivalent, unimodular, lcsc groups and one of them is amenable then so is the other.
Proof. Invoking Proposition 2.13, we may choose a strict, free and ergodic measure coupling (Ω, η, X, µ, Y, ν, i, j) for which the induced actions G (X, µ) and H (Y, ν) are therefore free and ergodic as well. By Lemma 3.10, we moreover have that for any choice of cross sections X 0 ⊂ X and Y 0 ⊂ Y the associated cross section equivalence relations are stably orbit equivalent. Denoting by µ 0 and ν 0 the measures on X 0 and Y 0 given by Proposition 3.6, we may therefore find Borel subsets A ⊂ X 0 and B ⊂ Y 0 that are non-negligible with respect to µ 0 and ν 0 , respectively, and such that the restricted orbit equivalence relation R X 0 | A is orbit equivalent with R Y 0 | B . However, since the actions G (X, µ) and H (Y, ν) are ergodic, the sets A and B are also cross sections and as the following computation shows, the probability measure µ A associated with A by proposition Proposition 3.6 is just a re-scaling of µ 0 | A : choosing an identity neighbourhood U for X 0 as in Proposition 3.6 and a Borel set E ⊂ A we get
Since µ A is a probability measure, it must be equal to µ(A) −1 µ 0 | A (and similarly for B). Now, by Proposition 3.6 we have that G is amenable if and only if the cross section equivalence relation R A associated with A is amenable and H is amenable if and only if R B is amenable and since R A and R B are orbit equivalent they are amenable (cf. [CFW81, Definition 6]) simultaneously.
Measure equivalence and property (T)
The aim of this section is to provide a proof of Theorem C, stating that property (T) is preserved under measure equivalence. This result may be known to experts in the field, but to the best of our knowledge has not been stated or proven explicitly anywhere. The proof follows the rough outline of the corresponding proof for discrete groups presented in [BdlHV08, Theorem 6.3.13], with a few additional measure theoretical wrinkles. Note that groups with property (T) are automatically unimodular [BdlHV08, Corollary 1.3.6].
Proof of Theorem C. Assume towards a contradiction that G has property (T) and H does not. Then H admits a strongly continuous unitary representation π : H → U(H) with almost invariant vectors which does not contain any finite-dimensional subrepresentations; see [BdlHV08, Remark 2.12.11] for this. Before embarking on the actual proof, we first show that the space H can be chosen separable. Since H is lcsc, thus in particular hemicompact, we may choose an increasing sequence K n ⊂ H of compact subsets that is cofinal in the family of all compact subsets and has union H, and since π has almost invariant vectors, for each K n there exists a unit vector ξ n ∈ H such that π(h).ξ n − ξ n < 1 n for all h ∈ K n . As H is separable, the subspace
is separable and H-invariant and the restriction of π to H 0 still has almost invariant vectors and of course no finite dimensional subrepresentations since this was already the case for π. Thus, by replacing π with its subrepresentation on H 0 we may as well assume that H is separable. Let (Ω, η, X, µ, Y, ν, i, j) be measure equivalence coupling between G and H and assume, as we may by Theorem 2.8, that Ω is strict, and denote by ω G : H × Y → G and ω H : G × X → H the associated (strict) measurable cocycles. The representation π can be induced up to a unitary representationπ of G on L 2 (X, H) given bỹ
Since ω H is a measurable map, it follows that g → π(g)ξ , ξ is measurable for all ξ ∈ L 2 (X, H) and since (X, µ) is standard Borel probability space and H is separable, L 2 (X, H) is also separable. Lemma A.6.2 in [BdlHV08] therefore applies to show thatπ is a strongly continuous unitary representation. We now prove that also the induced representationπ has almost invariant vectors. To this end, note first that by [DL14, Theorem 4.1] the cocycle ω H : G × X → H is proper in the sense of [DL14, Definition 2.2], meaning that there exists a family A of Borel sets in X with, among others, the following two properties:
(1) For every compact set K ⊂ G and every A, B ∈ A there exists a precompact set L ⊂ H such that for all g ∈ K ω H (g, x) ∈ L and almost all x ∈ A ∩ g −1 .B. (2) For every ε > 0 there exists A ∈ A such that µ(X \ A) < ε. To prove thatπ has invariant vectors, let a compact subset K ⊂ G and ε > 0 be given and choose a set A ∈ A with µ(X \A) < ε and a precompact set L ⊂ H satisfying (1) with respect to the given compact set K and B = A. Since π is assumed to have almost invariant vectors, there exists a unit vector η ∈ H such that π(h)η − η < ε for all h ∈ L, and since µ is finite, the functionη(y) :
. As ε > 0 was arbitrary this shows thatπ has almost invariant vectors and since G is assumed to have property (T), this means thatπ must have a non-trivial invariant vector L 2 (X, H). Thus, any Borel representative ξ 0 : X → H for such an invariant vector satisfies that for all
Consider now the unitary representation ρ :
The representation ρ is unitarily equivalent with λ Y ⊗ π on L 2 (Y )⊗H, where λ Y is the unitary representation induced by the measure preserving action H Y . To reach the desired contradiction, we now prove that ρ has a non-trivial invariant vector since this, by [BdlHV08, Proposition A.1.12], implies that π contains a finite dimensional subrepresentation contradicting its defining properties. Consider again the representative ξ 0 for the vector L 2 (X, H) fixed byπ and extend ξ 0 to a Borel mapξ 0 :
Considering the G-action on H × X induced by j −1 we therefore have that for all g ∈ G, all h ∈ H and almost all
Since H is separable it is, in particular, a Polish space and hence a standard Borel space with respect to its Borel σ-algebra. Moreover, for any η ∈ H the map H × H → C given by (h, ξ) → π(h)ξ , η = ξ , π(h −1 )η is jointly continuous, showing that the action map H × H → H is weakly measurable, and thus measurable by Pettis' measurability theorem [Pet38, Theorem 1.1]. Hence, H is a standard Borel G × H-space for the action (g 0 , h 0 ).ξ := π(h 0 )ξ and considering H × X as a G × H-space for the action
we obtain that the functionξ 0 : H × X → H is almost everywhere G × H-equivariant. An application of [Zim84, Proposition B.5] provides us with a G×H-invariant, conull, Borel subset S ⊂ H × X and a measurable functionξ ′ 0 : S → H which is genuinely G × H-equivariant and agrees withξ 0 almost everywhere. From G × H-invariance of S it follows that it has the form S = H × X 0 for a G-invariant, conull, Borel subset X 0 ⊂ X. Thus, by extendingξ ′ 0 by zero on H × (X \ X 0 ), we obtain a measurable mapξ ′ 0 :
Since ξ 0 = 0, the functionξ ′′ 0 cannot be zero almost everywhere and combining this with the G-equivariance (9) we infer that the Borel map ζ : Y → H given by ζ(y) :=ξ ′′ 0 (e G , y) is not ν-almost everywhere zero. Hence, for a suitable choice of M, δ > 0, the set
, and since π is a unitary representation it follows that Y 0 is H-invariant. Thus, setting ζ 0 := ½ Y 0 ζ we have that ζ 0 ∈ L 2 (Y, H) \ {0} and by the previous computation it follows that
showing that ζ 0 is invariant for the representation ρ, thus finishing the proof by the remarks above.
Uniform measure equivalence
Measure equivalence can, via Gromov's dynamic criterion discussed below, be seen as a measure theoretic analogue of coarse equivalence, although, in general, neither of these notions implies the other (cf. [Car14] ). Heuristically, uniform measure equivalence should provide a notion of simultaneous measure equivalence and coarse equivalence, but one should note that it is not true that two (even discrete) groups that are measure equivalent and coarsely equivalent are automatically uniformly measure equivalent, as [DT16] shows. In this section, we provide a definition of uniform measure equivalence for unimodular lcsc groups extending the existing definition for finitely generated discrete groups. We begin by recalling the notion of coarse equivalence, following the presentation in [Roe03] .
Definition 6.1. Let X be a set. A coarse structure on X is a collection of subsets E ⊂ P(X × X) called controlled sets such that the following requirements are satisfied:
(i) the diagonal is controlled; (ii) a subset of a controlled set is controlled; (iii) a finite union of controlled sets is controlled;
A set equipped with a coarse structure is called a coarse space.
Definition 6.2. Let X be a coarse space.
(ii) A subset C ⊂ X is cobounded if there is a controlled set E such that for all x ∈ X there exists c ∈ C such that (c, x) ∈ E.
Definition 6.3. Let f : X → Y be a map between coarse spaces. Then f is bornologous if f × f maps controlled sets to controlled sets and f is proper if preimages of bounded sets are bounded. If f is bornologous and proper, then it is said to be a coarse map. Further, a coarse embedding is a map f : X → Y such that E ⊂ X × X is controlled if and only if
Finally, f is a coarse equivalence if it is a coarse map and there is a coarse map g :
Remark 6.4. Coarse equivalences between two coarse spaces X and Y can be characterized as those coarse embeddings f : X → Y whose image is cobounded.
Let us describe the main examples of coarse spaces relevant in the context of uniform measure equivalence.
(1) If G is a locally compact group it admits two natural coarse structures: The controlled sets of the left coarse structure on G are all subsets of sets of the form
where K runs through all compact subsets of G. The controlled sets of the right coarse structure on G are all subsets of sets of the form
where again K runs through all compact subsets of G. The inversion of G is a bijective coarse equivalence between these two coarse structures. Note that the left coarse structure of G is left-invariant, while the right coarse structure of G is right-invariant. (2) Any set X can be turned into a bounded coarse space, by declaring all subsets of X × X controlled. In this situation, a coarse equivalence between metric spaces (X, d X ) and (Y, d Y ) can be described in terms of the metrics as a map f : X → Y with cobounded image (i.e. sup y∈Y d(f (X), y) < ∞) which satisfies that
for all sequences (x n ), (x ′ n ) in X. If G and H are lcsc groups we say that they are coarsely equivalent if if they are so when endowed with their left (equivalently right) coarse structures. Equivalently, G and H are coarsely equivalent if they are so as metric spaces when both are endowed with any proper, compatible, left (equivalently right) invariant metric. Recall that a metric on G is compatible if it induces the original topology on G and proper if closed balls are compact, and that any lcsc group admits such a metric [Str74] . Note also that for compactly generated lcsc groups, coarse equivalence coincides with the notion of quasi-isometry with respect to the word metrics arising from some/any compact generating sets.
Definition 6.5. Let G and H be unimodular lcsc groups. A strict measure equivalence G-Hcoupling (Ω, η, X, µ, Y, ν, i, j) is said to be uniform if the compositions i −1 • j and j −1 • i are proper maps with respect to the product coarse structure when G and H are endowed with the left coarse structure and X and Y are declared bounded. A measure equivalence G-Hcoupling (Ω, η, X, µ, Y, ν, i, j) is said to be uniform if there exist conull Borel subsets Ω 0 ⊂ Ω, X 0 ⊂ X and Y 0 ⊂ Y such that (Ω 0 , η, X 0 , µ, Y 0 , µ, ν, i| G×Y 0 , j| H×X 0 ) is a strict uniform measure equivalence G-H-coupling. Lastly, G and H are said to be uniformly measure equivalent if they admit a uniform measure equivalence coupling.
Since bounded sets in G and H are simply pre-compact sets, cf. [Roe03, Example 2.24], the condition that a strict measure equivalence G-H-coupling be uniform simply amounts to the following:
• for every compact
Lemma 6.6. Uniform measure equivalence is an equivalence relation
Proof. Fixing a Haar measure λ G on G, it is clear that (G, λ G ) is a strict uniform G-G measure equivalence coupling when endowed with the action (g 1 , g 2 ).g := g 1 gg −1 2 , thus showing reflexivity of the relation. If (Ω, η) is a uniform G-H measure equivalence coupling then the dual coupling (Ω,η), which as a measure space is identical to (Ω, η) but with the H × Gaction (h, g) ⊲ t := (g, h).t, is uniform as well. Hence, the relation is symmetric. To show transitivity, we recall the composition of measure equivalence couplings as described in Section A.1.3 of [BFS13] : if G 1 , G 2 , H are unimodular lcsc groups, and
is a (strict uniform) measure equivalence G 1 -H-coupling and (Ω 2 , η 2 , Y 2 , µ 2 , X 2 , ν 2 , i 2 , j 2 ) is a (strict uniform) measure equivalence H-G 2 -coupling, then their composition is defined as
where ω
H and ω
H are the cocycles associated with Ω 1 and Ω 2 , respectively. By Section A.1.3 of [BFS13] , the following maps witness that Ω is indeed a G 1 -G 2 measure equivalence coupling:
o o where inv denotes inversion in H and σ denotes the coordinate flip on X 1 × X 2 . Assuming now that both Ω 1 and Ω 2 are strict uniform measure equivalence couplings then both j • the associated cocycles ω G and ω H are locally bounded; i.e. for every compact subset C ⊂ G there exists a compact subset D ⊂ H such that {ω H (g, x) | g ∈ C, x ∈ X} ⊂ D and similarly for ω G .
Proof. First assume that (Ω, η, X, µ, Y, ν, i, j) is a strict uniform measure equivalence G-Hcoupling. Then the sets
bounded by assumption. Further, let a compact subset C ⊂ G be given and fix g ∈ C and x ∈ X. Then we have
.
The similar claim about ω G follows by symmetry. So we proved that the cocycles ω G and ω H are locally bounded. Vice versa, let us assume that the sets
⊂ H × X are bounded and the associated cocycles ω G and ω H are locally bounded. Let C ⊂ G be a compact set and find a compact subset Our definition of uniform measure equivalence is motivated by the fact that two cocompact, unimodular, closed subgroups of the same lcsc group should be uniformly measure equivalent. This fact was also among the motivations for introducing uniform measure equivalence in the setting of discrete groups. Before showing that this is indeed the case, we prove a lemma that describes the relationship between coarse structures and Haar measures of an lcsc group and its homogeneous spaces. For its proof we need the existence of certain Borel choice functions and since these will appear in a number of instances in the sequel we single this out in form of the following remark.
Remark 6.9. If X is a standard Borel space and Y is a Polish space and P ⊂ X × Y is Borel set for which P x := {y ∈ Y | (x, y) ∈ P } is σ-compact for every x ∈ X, then by [Kec95, Theorem (18.18) ] the image π X (P ) under the projection π X : X × Y → X is Borel in X and there exists a Borel function s : π X (P ) → Y with the property that (x, s(x)) ∈ P for all x ∈ π X (P ). We will refer to s as a Borel choice function for the set P . As an example of this phenomenon, if H G is a closed subgroup of an lcsc group, we obtain Borel choice functions G/H → G and H\G → G. If furthermore, H is cocompact in G, then there is a compact subset K ⊂ G that maps surjectively onto G/H and H\G and the choice functions may be chosen to have their image in K. More generally, if an lcsc group G acts continuously, properly and cocompactly on an lcsc Hausdorff space Ω, then there exists a Borel choice function Ω/G → Ω which is bounded, in the sense that it takes values in a compact set.
Lemma 6.10. Let H be a closed subgroup of an lcsc group G. Assume that G/H and H\G carry G-invariant measures λ G/H and ρ H\G , respectively. If s : G/H → G is a Borel choice function, then the push-forward of λ G/H × λ H along the map G/H × H → G : (x, h) → s(x)h is a left Haar measure of G. Similarly, if s : H\G → G is a Borel choice function, then the
and since s 1 is bounded this shows that i −1 • j ′ is proper. Properness of j ′−1 • i follows by a similar argument.
For finitely generated groups, it was shown in [Sau02] that uniform measure equivalence implies quasi-isometry, and the following proposition shows that this result extends to lcsc groups. The proof follows that in [Sau02] , with a few additional technicalities stemming from the more general topological setting. They key to the result is the following lemma.
Lemma 6.12. Let G and H be two lcsc groups. If G × H acts on a set Ω and there exists a subset Z ⊂ Ω for which
Proof. Fix a compatible, proper, left-invariant metrics d G and d H on G and H, respectively and, for E ⊂ H denote sup{d H (e H , a) : a ∈ E} by ℓ H (E) and similarly for G. Fix z 0 ∈ Z and write Z H := {h ∈ H : h.Z ∩Z = ∅}, noting that K H is bounded with respect to d H so that b := ℓ H (Z H ) < ∞. We now proceed with the actual proof. By (iii) and the axiom of choice there exists a function f :
is a coarse equivalence. We first prove that f (G) is cobounded. Towards this, fix h ∈ H. Then h −1 .z 0 ∈ g.Z for some g ∈ G by (i) and since the actions commute g −1 .z 0 ∈ h.Z. Since also
from which it follows that f has cobounded image. By properness of d G and (iii), for each r 0 let L(r) ⊂ H denote a compact set for which B(e G , r).Z ⊂ L(r).Z. Clearly this can be done so that L(r 1 ) ⊂ L(r 2 ) when r 1 r 2 . We now prove that f is a coarse embedding. Towards this, let g, g ′ ∈ G and put r := d G (g, g ′ ). Since g ′ −1 .z 0 ∈ f (g ′ ).Z and the actions commute g ′ −1 f (g) −1 .z 0 ∈ f (g) −1 f (g ′ ).Z; on the other hand
.Z H and by the triangle inequality and left-
To see that f is a coarse embedding we need to first show that if (g n ) and (g ′ n ) are sequences in G and
does not diverge towards infinity, and hence that there exists M > 0 and a subsequences (
By properness of d H and (iii) let D(r) ⊂ G denote a compact set for which B(e H , r).Z ⊂ D(r).Z and D(r 1 ) ⊂ D(r 2 ) whenever r 1 r 2 . Consider now f (g), f (g ′ ) ∈ H and let put r := d H (f (g), f (g ′ )) = r and note, as above, Proof. Let (Ω, η, X, µ, Y, ν, i, j) be a strict, uniform, measure equivalence coupling and define
We now consider Ω simply as a set with commuting, set-theoretical actions of G and H and aim at proving that Z satisfies the assumptions (i)-(iii) in Lemma 6.12. Condition (i) is trivially satisfied. To verify (ii), we need to prove that {h ∈ H | h.Z ∩ Z = ∅} is precompact in H (the corresponding statement for G then follows by symmetry). Since j −1 • i is proper, there exists a compact set D ⊂ H such that Z ⊂ j(D × X) and we therefore have {h ∈ H | h.Z ∩ Z = ∅} ⊂ {h ∈ H | h.D ∩ D = ∅}, and the latter is compact since H acts properly on itself. Lastly we need to see that (iii) is satisfied, which will follow from the cocycles being locally bounded; more precisely, if C ⊂ G is compact then, by Lemma 6.7, the set D := {ω H (g, x) | g ∈ C, x ∈ X} is precompact and we have C.j({e H For discrete groups, Gromov's dynamic criterion for quasi-isometry [Gro93, 0.2.C ′ 2 ] (see also [Sha04, Sau02] ) plays a prominent role, as it allows one to treat quasi-isometry within a purely topological framework, and in [BR16] Bader and Rosendal generalized this to the locally compact setting by proving the following result. Recall that an action G Ω on a locally compact Hausdorff space Ω is said to be continuous if the action map G × Ω → Ω is continuous, cocompact if it is continuous and there exists a compact subset C 0 ⊂ Ω such that G.C 0 = Ω and proper if the action map G × Ω → Ω × Ω, (g, t) → (g.t, t), is proper; i.e. the inverse image of any compact set is compact. A locally compact Hausdorff space Ω with commuting, continuous, proper, cocompact actions of G and H is called a topological coupling between G and H.
The main result in this section is the following theorem showing that, in analogy with the discrete case [Sau02, Theorem 2.38], uniform measure equivalence agrees with coarse equivalence on the class of amenable unimodular lcsc groups.
Theorem 6.15. Let G and H be amenable, unimodular, lcsc groups. Then G and H are coarsely equivalent if and only if they are uniformly measure equivalent.
For the proof of Theorem 6.15, we need the observation that the topological coupling by Bader-Rosendal is second countable. We remark that the only novelty in Lemma 6.16 compared to [BR16, Theorem 1] is the fact that the topological space witnessing the coarse equivalence can be chosen to be second countable. This technicality, however, will allow us to work exclusively within the class of standard Borel spaces.
Lemma 6.16. If G and H are coarsely equivalent lcsc groups then there exists an lcsc Hausdorff space Ω with commuting, continuous, proper, cocompact actions of G and H.
For the proof, recall from [Mic66] that a collection of (not necessarily open) subsets P ⊂ P(Y ) of a topological space Y is a pseudobase if whenever K ⊂ U where U ⊂ Y is open and K ⊂ Y is compact there exists P ∈ P for which K ⊂ P ⊂ U . The set P is a network for Y if whenever x ∈ U where U ⊂ Y is open there exists P ∈ P for which x ∈ P ⊂ U . A regular Hausdorff space Y is an ℵ 0 -space if it has a countable pseudobase and cosmic if it has a countable network.
Proof. From the proof of [BR16, Theorem 1], there is a topological coupling Ω between G and H that is a locally compact closed subspace of C(H, X), where X is a certain G-invariant subset of the separable Banach space L 1 (G, λ G ) and C(H, X) is the space of continuous functions from H to X with the topology of pointwise convergence in 1-norm. We now prove that Ω is second countable with respect to the subspace topology. As H and X are second countable, regular, Hausdorff spaces they are ℵ 0 -spaces and C(H, X), with the topology of pointwise convergence, is cosmic [Mic66, Proposition 10.4]. Now Ω ⊂ C(H, X) so Ω is cosmic as well [Mic66, Condition (E)] (for cosmic spaces, page 994). Since Ω is locally compact [BR16, Proof of Theorem 1, Claim 4] and every locally compact cosmic space is separable and metrizable [Mic66, Condition (C)] (for cosmic spaces, page 994), Ω is second countable.
Proof of Theorem 6.15. By Proposition 6.13, we know that G and H are coarsely equivalent if they are uniformly measure equivalent, so we have to show the converse. If G and H are coarsely equivalent then, by [BR16, Theorem 1] and Lemma 6.16, they admit an lcsc topological coupling Ω. There exists is a free action of G × H on a compact metrizable (and hence second countable) space by [AS93, Proposition 5.3], so by amplifying Ω with such a space we may assume that the G × H-action is free as well as proper. We now show that Ω can be endowed with a measure turning it into a uniform measure equivalence coupling. Let π X : Ω → Ω/H =: X and π Y : Ω → Ω/G =: Y denote the quotient maps. Since the actions of G and H on Ω are proper and cocompact, X and Y are compact Hausdorff spaces and since Ω is separable so are X and Y , and hence they are metrizable. As explained in Remark 6.9, there exist bounded Borel choice functions s X : X → Ω and s Y : Y → Ω for π X and π Y , respectively. Since Ω is a free topological coupling, we obtain Borel isomorphisms i : G × Y → Ω : (g, y) → g.s Y (y), j : H × X → Ω : (h, x) → h.s X (x).
We now show that i −1 • j and j −1 • i are proper, and by symmetry of the situation it suffices to treat i −1 • j. So, for a given compact subset D ⊂ H we need to show that there exists a compact subset C ⊂ G such that i −1 •j(D×X) ⊂ C ×Y . Since the action H Ω is continuous and s X (X) is precompact there exists a compact subset K ⊂ Ω such that D.s X (X) ⊂ K. Then i −1 (K) = {(g, y) ∈ G × Y | g.s Y (y) ∈ K}, and since the action G Ω is proper and s Y is bounded, the set {g ∈ G | g.s Y (Y ) ∩ K = ∅} is precompact, and its closure, C, therefore satisfies that
as desired. We now endow G × Y with an H-action, by pulling back the H-action from Ω, and similarly, we pull back the G-action on Ω to a G-action on H × X. By G-and H-equivariance of i and j, respectively, we obtain free Borel actions of G × H on G × Y and on H × X with respect to which i and j are now, by design, G × H-equivariant. Hence, there is a Borel H-action on Y defined by the composition and since G is unimodular and ν is H-invariant it follows that λ G × ν is G × H-invariant.
Since both i and j are H-equivariant, the measure ρ := (j −1 ) * η = (j −1 • i) * (λ G × ν) on H × X is therefore invariant for the action of H on the left leg. For each Borel set B ⊂ X we can define a left-invariant Borel measure ρ B on H by setting ρ B (U ) := ρ(U × B) and since j −1 • i is proper and λ G × ν is finite on sets of the form K × Y with K ⊂ G compact, we have that ρ B is finite on compact subsets and hence there exists c B ∈ [0, ∞[ so that ρ B = c B λ H . Setting µ(B) := c B defines a finite measure on X with the property that ρ(A × B) = λ H (A)µ(B) for all Borel sets A ⊂ H and B ⊂ X, and by uniqueness of the product measure we conclude that ρ = λ H × µ. Since we already saw that j −1 • i and i −1 • j are proper this shows that (Ω, η) is a strict uniform measure equivalence coupling.
As a consequence of the proof just given, we obtain the following slightly more specific statement.
Porism 6.17. If G and H are coarsely equivalent, amenable, unimodular lcsc groups then they admit a free, Hausdorff, lcsc topological coupling and any such coupling admits a Borel measure with respect to which it is a strict uniform measure coupling.
